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Abstract 

The general properties of the effective Hamiltonian for neutral me- 
son system improved by L.A. Khafhn in 1980 are studied. It is shown 
that contrary to the standard result of the Lee-Oehme-Yang (LOY) 
theory, the diagonal matrix elements of this effective Hamiltonian can 
not be equal in a CPT invariant system. It is also shown that the 
scalar product of short, \Kg), and long, \Kl), living superpositions of 
neutral kaons can not be real when CPT symmetry is conserved in the 
system under considerations whereas within the LOY theory such a 
scalar product is real. 
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1 Introduction 



A formalism convenient for a description of the properties of neutral K 
mesons and their time evolution was proposed by Lee, Oehme and Yang 
(LOY) in 1956 0. Within the LOY approach the Weisskopf-Wigner (WW) 
approximation used for studying the time evolution of a single quasistation- 
ary state [2] was adapted to the case of two state (two particle) subsystems. 
Within the WW and LOY approaches it is assumed that time evolution of 
the total system under consideration containing one or two quasistationary 
states is governed by the Schrodinger equation 

i^^- = H\mh W* = 0)> = M*>, (1) 

where H is the selfadjoint Hamiltonian of the total system and \ip(t)), \ipo) 
are vectors belonging to the total state space Sj of the system. Using the in- 
teraction representation LOY found approximate solutions of time dependent 
equation JH) for two state problem and then the Schrodinger-like equation 
with nonhermitian effective Hamiltonian Tin governing the the time evolution 
of these two states (see (UEl)- Unfortunately not all steps of the approxima- 
tions applied in [H [H] to obtain the solution of the problem are well defined. 
Some attempts to give a more exact derivation of the equation governing time 
evolution of two state subsystem and to improve the LOY result were based 
on the approach exploited in [4] for studying properties of unstable states. 
As an example of such attempts one can consider the method described in 
[3 El- This method reproduces not only the LOY effective Hamiltonian TC\\ 
but it also enables one to relatively simply improve the LOY effective Hamil- 
tonian. It appears that an examination of the formulae for matrix elements 
of the improved Tt\\ obtained in [H| suggests that those formulae contain some 
inconsistences. The Khalfin's method to improve the effective Hamiltonians 
for multi-component systems is elegant and seems to be important as it has 
the potential of correctly describing the process in question. This is why 
we decided to use it to find the exact expressions for the matrix elements 
of Khalfin's effective Hamiltonian. The aim of this paper is to give a de- 
tailed analysis of the approximation described and exploited in [3 IE] and 
to compare the properties of the effective Hamiltonians obtained within this 
approximation with other effective Hamiltonians. In sec. 2 we review briefly 
the method used in [H] and in first two Sections of |B] to obtain TC\\. In Sec. 
3 we describe an improved effective Hamiltonian for neutral K complex de- 
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rived by Khalfin in Sec. 3 of his paper [6 J and we give the formulae for matrix 
elements of this Hamiltonian free from the above mentioned inconsistencies. 
In Sec. 4 we study and discuss some properties of the mentioned improved 
effective Hamiltonian not considered in [6j. Sec. 5 contains a short discussion 
of properties of the Khalfin's improved effective Hamiltonian as well as final 
remarks. 

2 Neutral kaons within Weisskopf-Wigner 
Approximation 

Let us follow 0E1 and denote by H a self-adjoint Hamiltonian for the total 
physical system containing a neutral meson subsystem and assume that 

H = H° + H w , (2) 

where H° denotes the sum of strong and electromagnetic interactions and 
H w stands for weak interactions. Next it is assumed that the operator H° 
has a complete set of eigenvectors {\K°), \ K°), \ F)}, where 

H° \K°) = m K o \K°), H° \K°) = m R0 \K°), H° \F) = E F \F), (3) 

and 

(K°\K°) = 0, (K°\K°) = (K°\K°) = 1, (K°\F) = (K°\F) = 0. 

Vectors \K°), K°) are identified with the state vectors of neutral K and anti- 
K mesons. Vectors |F) correspond with decay products of neutral koans. 

Usually it is assumed that the strong and electromagnetic interactions 
preserve the strangeness S, i.e. that 

[H°, S] = 0, (4) 

and the same assumption is used in [HI EI- Vectors \K°),K°) are the eigen- 
vectors of the operator S: 

S\K°) = (+1) \K°), S\K°) = (-1) \K°), (5) 

In El it is also assumed that the strong and electromagnetic interactions 
are CPT-invariant: 

[H° t CPT\ = 0, (6) 
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and that they preserve CP symmetry 

[H°,CV} = 0. (7) 

Here C, V and T denote operators realizing charge conjugation, parity and 
time reversal respectively, for vectors in i}. 

The following phases convention is used in [3 El 

CVT \K°) = \K°). (8) 

This last relation and CPT invariance of H° © imply that 

m K o = (K°\H°\K°) = m R0 = (K°\H°\K°) = m. (9) 

Authors of [3 E] deriving the effective Hamiltonian governing the time 
evolution in the subspace of states spanned by vectors \K°), \K°) start from 
the solution of the Schrodinger Equation JH) for t > to = having following 
the form 

\m) = J e~ lEt G + (E) dE |^o), (t > 0). (10) 

where 

G+(E) = (E-H + ie)- 1 . (11) 

Using ^ one finds |1] 

G+(E) = {E-H° + is)- 1 + {E-H° + is)' 1 H w G + {E). (12) 

Solutions \ip(t)) of Eq. (JXJ) can be expanded into a complete set of eigen- 
vectors {\K°), \K°), \F)} of the operator H°. For the problem considered it 
is assumed that there is 

\i; ) = a K o(0) \K°) + a RO (0) \K°) (13) 

at the initial instant t — to — 0. So there are no decay products in the system 
at t — 0. They can be detected there only at the instant t > t = 0. Thus 

|#))=aa«W \K°)+a R0 (t) \K°) + J2°F(t) \F) d ^\m)\\ + \m)± (14) 

F 
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at t > t = and therefore o>(0) = and crp(£) 7^ for t > 0. Here 

|V>(t))|| = a*t>(t) + a /?0 (t) |X°> and |^(t)>± = |F) 

and |^(£))|| G C fj, |'0(*))± £ 0-£j||. The subspace i^n is a two dimen- 
sional subspace of state space fj spanned by orthogonal vectors \Kq), \ Kq). 
We have 

a K o(t) = (K°W)) = (K°m))h a R»(t) = (K°\m) = (K°\m)\\- (15) 
From (fTO)) one infers that 

1 poo 

= / e- zi?t J2< a \ G +( E ) (* > °)> ( 16 ) 

where a,/? = K°,K°. Using relation (JT2"1) and condition (JHJ) after some 
algebra one can rewrite solutions ifTfij) of Eq. (JTJ) in the matrix form as 
follows 

a{t) = -—. r e~ iEt d ^—- o(0), (17) 

w 2m E-m-R{E) + ie K h v ' 

where (t > 0) and a(t) i a(0) are one column matrices 

a{t) = ( a K o(t) \ = f a K o(0) \ (lg) 



a K Q (t) J ' V a ^°(0) / ' 

and i2(-E") is (2 x 2) matrix with matrix elements R a p(E), where a, (3 
K°,K° and 

R a p{E) = (a\H w \P) 



F F' 



— X 

f + is 



X{F\H™\F') 1 + (19) 

hi — rjpi + IS > 

= {a\H w \(3)-E a p(E), (20) 
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and 



F,F' 



= (q| E(E) |/3), (22) 



and 



<? = £iF><n ( 24 > 

P = I-Q = |K°)(K°| + (25) 

The relation (JTYJ) is the exact formula for solutions of Eq. ((H) for t > 0. 
The problem is how to evaluate the integral (|T7j) and thus the amplitudes 
a a (t). Usually it is possible within the use of some approximate methods. 
Depending on the methods used one obtains more or less accurate expressions 
for a a {t) and therefore more or less accurate description of the properties of 
the physical system considered. 

From experimental data it is known that 

(K°\H°\K ) = m > (K°\H W \K°) = A w m. (26) 

This enables one to assume that \R a p(E)\ <ti m. So the conclusion that the 
position of the pole of the expression under the integral in (fT7|) is very close 
to m, seems to be reasonable. Thus one can expect that replacing R(E) 
by R(m) in (fTTj) should not cause a large deviation from the exact value 
of this integral. Making use of this conclusion the value of the integral (ITTjl 
can be computed within so-called Weisskopf-Wigner approximation 

According to |lj the WW approximation consists in: 

1. Taking into account only the pole contribution into the value of the 
integral (ITTjl (i.e., a neglecting all the cut and threshold, etc., contri- 
butions into the value of the integral ifTTj) ). 

2. Replacing R(E) by its value for E = m, (ie. inserting R(m) instead of 
R(E) in (UJ) ). 
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(Note that it is rather difficult to find an exact estimation of the error gen- 
erated by such a procedure). Applying this prescription to the integral (fTTjl 
yields 

,ww i -l\ _ 1 f°° —iEt dE 



a(t) ~ a ww (t) = -— / e~™- " a(0) (27) 

^ m j^oo E — m — R(m) + xe 

= e~ lU 1 a(0), (28) 
for (t > 0), where 

H ww = m I,, + R(m) = M ww - 1 r w (29) 
is an nonhermitian operator, M 147117 = (M ww ) + , T ww = (Y ww ^+ an d 

Matrix elements of T-{ ww have the following form 

= m^ + i2^(m), (31) 
= md af3 + H™ p -X af3 (m), (32) 

where a, (3 = K°,K° and = (a\H w \(3). 

All operators appearing in the definition (|29jl act in two dimensional 
subspace of states S)\\. From lj2%J) it follows that a(t) ~ a iyvK (t) G f)|| solves 
the following Schrodinger-like equation 

. go^g) = nWW aWW{t) (33) 

where the operator 7-i ww is the effective Hamiltonian for vectors belonging 
to the subspace 5}||. Matrix elements of TL WW are defined by formulae (|20|) . 
They are exactly the same as those obtained by LOY (see [TJ 03 HI)- 
If assumption © is completed by the following one 

[H, CPT] = 0, (34) 

that is, if one assumes that the system containing neutral kaons is CPT 
invariant, then using relations (JHJ), © one easily finds from (|271j) that 

R K o K o(m) = R^Q^o{m) (35) 
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and thus 

n/WW _ n/WW %/rWW _ A/rWW rWW _ -pWW /o«\ 
n K°K° ~ rL K°K°i 1V1 K°K° ~ lvl K K°i 1 K°K° ~ 1 R°K°- \ 60 ) 

These relations are the standard conclusions of the LOY theory for CPT 
invariant physical systems 0IE], [?J — [13j. 

Assuming that interactions H w responsible for the decay processes in 
the system considered violate CP symmetry, [CV, if] 7^ one finds another 
important result of the LOY approach; 

R K0R0 (m) ^ R ROK o(m), (37) 

which implies that 

n,ww / n/WW a/tWW / t\/tWW r ww i r ww / qs \ 

iL K o K o T r ^K°K°^ 1V1 K°K° 1 IV1 K°K°i 1 K°K° i 1 K°K°- \°°) 

The eigenvalue equations for 'H ww have the following form El 

njWW „WW \ „WW n/WW „WW \ „WW fon\ 

n a s = A s a s , n a L = \ L a L , (dyj 

where a s vw and a L rw are eigenfunctions of the operator 'H ww for the eigen- 
values 

Xs = ms- - Tg, \ L = m L - - T L . (40) 

In the case of CPT invariant system, JHH), relations (|36|) hold which leads 
to the following form of eigenvectors for 'H ww 

\Ks) = ~ (p \K°) - q \K )) (41) 



and 



\Kl) = - —3 (p \K°) + q \K }), (42) 
P (!+ If \ P 

or, equivalently, 

\K s ) = p ww (\K°)-r\K°)), (43) 



\K L )=p ww (\K°) + r\K )), 



(44) 



where 



and 



n/WW 

i L K o K o 



Q 

r = - 
V 



P 



n/WW 
,L K K°- 



<hww_ • 

r <- K o K o 



(45) 



(46) 



So within the WW approximation physical states of neutral kaons, Ks and 
Kl, are linear superpositions of K° and K° and they decay exponentially 
evolving in time in Sj\\ (see (|28l) and (|39jl ). 



I*s(*)>l 



-%H t \ Kg } 



-i(m s -IV s )t \ Ks)eS ) 



(47) 



\K L (t))\ 



e -iH t |^ 



\im L 



V L )t 



K L ) G 



(48) 



These last two relations and (l43|) . (|44l) enable one to determine the time 
evolution of vectors \K°) and \K°) in Sj\\. One finds, eg., that within the 
WW approximation 

_ m ww< 



\K°(t)) 



\K ww (t))\ 



t 



+ - 



1 

2 

r 



e -i(m L - | T L )t + e - 
e -i(m L - \ T L )t _ e - 



r 5 )t 



| if ) 

| if ). (49) 



From the relations (|4*T|l and (j4*2~| follows another fundamental conclusion 
of the LOY theory about properties CPT invariant systems of neutral mesons. 
Namely physical states K L ,K S have the form of fiTJ) and (|4*2|) only if the 
condition (|34f and thus properties (|36|) hold. It easy to calculate the scalar 
product of the vectors \Ks), \ Kl) and one finds that 

(K S \K L ) = jg£ ~ jgj^ = ((ifsiifi))* = (if^lifs) ^ 0. (50) 

This property means that within the LOY theory (i.e., within the WW ap- 
proximation) the imaginary part, ((Ks\Kl)), of the product (Ks\Kl) can 
be considered as the measure of a possible violation of the CPT symme- 
try: LOY theory states that system considered is CPT invariant only if 
Qf{(K s \K L )) = (see: 0E1, — H3|). 
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3 Khalfin's effective Hamiltonian for neutral 
kaon complex 

In (HI an observation is made that the approximation R(E) ~ R(m) is not 
the best and leads to an indeterminate error in evaluating the amplitude a(t), 
(fTTjl . It is obvious that using the more accurate estimation of R{E) should 
yield a more accurate formula for a(t). The suggestion is made in jH| that 
the more accurate approximation for R{E) can be obtained expanding R(E) 
into its Taylor series expansion around the point E = m. This idea gives 



R(E) = R{m) + (E-m) 



dR(E) 



dE 



+ 



(E-m) 2 d 2 R(E) 



E=m 



dE 2 



+ 



,(51) 



E=m 



So, the minimal improvement of the approximation R(E) 
following one [0] 



where 



R(E) ~ R(m) + (E- m) 



dR{m) _ dR(E) 



dR{m) 
dm 



R(m) is the 



(52) 



dm 



dE 



(53) 



Having this improved estimation of R(E) and looking for more accurate 
expression for the amplitude a{t) the WW approximation defined in the 
previous Section is modified in [6J by ignoring the point 2 in the mentioned 
definition and replacing the approximation R(E) ~ R(m) used there by 
the relation (|52|) . This procedure is the Khalfin's improvement of the WW 
approximation. 

Using (|52*|) the denominator of the expression under the integral in formula 
(fTTJ) for the amplitude a{t) takes the following form 



E 



m 



R{E) 



dR(m) 
dm 



E — m 



dR(m) 
dm 



-i 



R{m) 



■ (54) 



Inserting (|54| into (JT7l) yields 

a(t) ~ a{t) = / dE\e~ lEt 

2?" I 



x 
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E-m- 1 



dR(m) 
dm 



-1 



X 1 



dR(m) 
dm 



-i 



o(0), 



R(m) + is 
(t>0), 



(55) 



This expression for a(t) replaces and improves the approximate formula (1271) 



for a(t) 



.WW 



(*)■ 



Taking into account only the pole contribution into the value of the inte- 
gral (jHKJ) leads to the result (see [H]) 



a(t) ~ a(t) = e~ %Ut 5(0), (t > 0), 



where 



and 



5(0) = A a(0) 



dR(m) 
dm 



a(0), 



W = m In + 1 



dR(m) 
dm 



-i 



i2(m) 



M-- f, 

2 ' 



(56) 
(57) 

(58) 



(where M = M + and f = Y + ) denotes the Khalfin's improved effective 
Hamiltonian acting in the subspace 

Note that a(t) solves the following, similar to (|33j) , Schrodinger-like equa- 
tion 

. da(t) 



dt 



H d(t). 



(59) 



This is the evolution equation for the the subspace of states S)\\ of neutral 
mesons. One should expect that solutions a(t) of this equation with the 
improved 7i will lead to a more accurate description of real properties of 
neutral mesons than the solutions a ww (t), (|28|) . of the equation (|33|) . 
We have 

dR R o R o (m) dR K o RO (m) 



A = 

where 
D 



dR{m) 
dm 



D 



^ dm 

dR R o K o(m) 

dm 



1 - 



dm 
dR K o K o(m) 

dm 



(60) 



det [ 1 - 
1 



dR(m) 

dm 
dR K o K o (m) 



dm dm 
dR K o^o (m) dR^o K o (m^ 1 _1 



dRxoKo(m) dR K o K o(m) dR^oxo(m) 



dm 



dm 



dm 



dm 



(61) 
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Taking into account (|6()|) one infers from that the matrix elements of 
Khalfin's effective Hamiltonian, 7i, have the following form 

( dRpg(m) 
H aa = m + D [ R aa (m) - R aa (m) 



dm 
dR a p{m) 



+ R ^ m) d^l (62) 



H aP = D (R af3 (m) - R a p(m) 



dR^jm) 

dm 
dR a/ 3(m) 



= M a/ 3 — - r a p, 

where a ^ (3 and a,(3 — K°,K°. These two last formulae differ from those 
obtained in [@] for H a p and H aa - Strictly speaking the last components in 
(JE2J), (jHHjl and the components corresponding to them in the Khalfin's formu- 
lae for matrix elements of 7i are different. What is more the examination of 
the expressions for 7i Qa ,7^a/3 given and discussed in shows that the men- 
tioned different components in Khalfin's formulae for Ti. aa} T-C al 3 are wrong in 
the general case. For this reason the formulae for 7i aa ,7i al 3 used in j^j are 
incorrect. This means that one can not be sure that all conclusions drawn 
in [H] and following from the analysis of the properties of 7i aa , Ha/3 obtained 
there reflect real properties of neutral meson complexes. 

Making use of the expansion (1 — x)^ 1 = 1 + x + x 2 + x 3 + ... for \x\ < 1, 
then taking 

dRK0K°( m ) _|_ d-Rffo^o(m) dRK°K ( m ) dRxoxo(m) 
dm dm dm dm 

dR K0R0 {m) dR ROK o{m) 

dm dm 

and assuming that this x fulfils the condition |x| <C 1, the expression (jfiTl) 
for D can be approximated by the following formula 

D ~ 1 + x (65) 
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j dRKOKo(m) dR R o R o(m) dRKOK°( m ) dR RoR o(m) 

dm dm dm dm 

dR K o Ro (m) dR R0K »(m) 

dm dm 

Inserting (f66|) into (|62|) . (f63|) and keeping in these formulae only ex- 
pressions of order up to that of type R al 3(m)R a >f3>(m), R a p Ra 'j!'™^ (where 
a, a', /?, /?' = K°, K°) one obtains 

dR a p(m) 



H aa ~ m + R aa (m) + R0 a (m 



dm 



+ Raaim)^^-, (67) 

dm 



ft Qj g ~ R a p{m) + Rp P {m) dL,> 



dm 
dR aa (m) 

+R af3 (m) — — — , (68) 

where a ^ (3. 

Some general properties of the matrix elements H a /3, (see (|6121) . (|6T?| and 
(jHTjl . (|68|) ), of 7i follow from symmetry properties of the total Hamiltonian 
H. Assuming CPT invariance of the system containing neutral mesons, (@), 
one obtains following relations 

dR K o K o(m) dR R0R0 (m) 
R K o K o(m) = R R0R0 (m), — = — , (69) 

which are analogous to (pI5|) . 

If the system is CP invariant beside relations (jSHj) the following additional 
ones hold too, 

dR K o Ro (m) dR R o K o(m) 

R K o RO (m) = R R o KO {m), = . 70 

dm dm 

On the other hand if CP symmetry is violated then relations (f70|) are not 
valid and one has 

dR K o R o(m) dR R o K o(m) 

R K o RO {m) / R ROK o(m), / . 71 

dm dm 
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Finally, if the system is CPT invariant and CP symmetry is not conserved 
there then relations (jfiH}) and (I7T1) occur. This means, by (jfi2Jl . that TCk°k 7^ 
7~Lk°k° 5 that is that 



So it appears that the minimal improvement of the standard WW approx- 
imation leads to the conclusion that one of the fundamental results of the 
LOY theory for CPT invariant systems, ie., the relation (|36| . can not be 
considered as universally valid for real systems. 

A conclusion analogous to (17511 was also obtained in [6 J but for the reasons 
mentioned after (|62|) . (|63|) the formula for CHk°k° — ^-k°k°) obtained therein 
differs from that used in the next Section and following from (|62|) . (j63|) . 

4 Some properties of Khalfin's improved 
effective Hamiltonian H 

In this Section we will assume that CPT symmetry holds in the system 
under considerations. In such a case relations (ffi2l) and (jfiHl) — (|7T1) lead to 
the following expression for the difference of diagonal matrix elements ([751) 
of the Khalfin's effective Hamiltonian for neutral mesons complex 



Sometimes it is convenient to express this difference in terms of matrix 
elements T> a/3 (m) instead of i? Q/ g(m). Taking into account formula (f20f for 
Rap{ m ) an d making use of the fact that 



(72) 




(73) 



dH, 



dm 



(74) 



one finds 



dR af3 (m) 
dm 



dE a/3 (m) 



dm 



(75) 
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Inserting ((ZD} and (fTHl) into (fTHl) one obtains 

d Y, R o K o(m) 



w 

K o K o 



dm 



di: K OKo(m) dE R o K o(m) 

~T~ si ROk0 — h ^K°K°\ m ) 



dm am 
-E ROK o (m) — J , (76) 

where for D, (JHTJ, due to the property (I3H1) . one has 

dE#-o#-o(m) / S^-o^-o (m) \ 2 



dm ' V dm 
dE K o R o(m) dYl R o K o{m)' l ~ l 



dm dm 
Hk°k° — T~(-k°k° — D [ —H^okO 



(77) 



Ignoring in ljTfi|) terms of the form ( S Q/3 (m) — , where a ^ (i yields 

dT, R o K o(m) 



dm 



+ n*„*egriyo. (78) 



Note that from this last relation an important conclusion follows: If 
H% 0R0 = 0,H% OR0 = (H^ 0R0 )* = then H K o K o - H ROR o ~ to the very 
good accuracy. So, if the first order \ AS\ = 2 transitions, eg., K° ^ K°, are 
forbidden for interactions, H w , responsible for the decays of neutral mesons, 
then the difference of diagonal matrix elements of the more accurate effective 
Hamiltonian than the LOY effective Hamiltonian, 7i ww , equals zero. This 
means that CPT invariance test based on the LOY theory relations (|36|) can 
be no longer considered as the CPT symmetry tests but rather as tests for 
an existence of the interactions causing the first order \AS\ = 2 transitions 
(see also [11]). 

The eigenvectors of 7i for the eigenvalues 

P-l{S) = rhus) - 2 Tl ( s )> ( 79 ) 

have the form EH 

\K L ) = p L (\K°) - a L \K )) (80) 
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and 

\K s ) = ~Ps(\K°)-as\K )), (81) 
where the parameters Pl,Ps can be chosen as the real parameters, 

~K - (+) h 

a L(s) = —r. , (82) 

n K 0K0 

and the definition of h z is given by (f73l . and 



^ = V ^ z ^ 2 7~£k k 7~£k°k - (83) 
Sometimes one uses the following expression for vectors \Kl) and \Ks), 

\K m ) = N m [(1 + e l(s) ) \K°) + (-1)(1 - e l{s) ) \K% (84) 

This form of eigenvectors for the effective Hamiltonian is used in many pa- 
pers when possible departures from CP- or CPT-symmetry in the system 
considered are discussed. The following parameters are used to describe the 
scale of CP- and possible CPT - violation effects (HI IHJ , Q2|, EH, 

e=l(e. + «) *=i&-*). (85) 

Within the LOY theory of time evolution in the subspace of neutral kaons, e 
describes violations of CP-symmetry and 5 is considered as a CPT-violating 
parameter. 

It seems to be interesting to compare eigenvectors \K£), (jKUj) . and \Ks), 
(jHTJ) . for 7i with those corresponding to them, (i.e, \Ks), (J1HJ), and \Kl), 
(JUJ), for TC WW . To achieve this goal one should rewrite suitable expressions 
(j82j). so as to get a convenient form of aus) allowing one to express it by 
means of r, (Jlfijl . After some algebra one can rewrite (|82|) as 



a Lis) = g-(+)f\/l + ^. (86) 



where 



H K o K o 

r =\l^ ( 87 ) 

n K 0K0 
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and 



9 = (88) 
n K o K o 

The conclusion that the more accurate approximation leads to a more 
realistic description of properties of a physical system seems to be obvious. 
For this reason it seems that expressing matrix elements of the more accurate 
Ti instead of 'H ww in terms of the parameters obtained from experiments is 
justified. So, using the form (J8IJ) of eigenvectors for 7i, matrix elements 7i a /3 
of 7i can be expressed in terms of observables €l and and p>L(s) ( see i e g- 
[lilllH])- By means of this method one finds, eg. that 



h z 1 Hk°k° — ^■k°k° 25 



and 



(89) 



;i-e ; )(l-e a 
;i + e,)(l + e- 



(90) 



Experimentally measured values of parameters e;, e s are very small for neutral 
kaons. So, assuming 

|ez| < 1, |e a | < 1, (91) 

one finds that 

\g\ < 1 and \r\ ~ 1, (92) 



and thus 



r 

Therefore to a very good approximation 



9 -\ < 1. (93) 



q 2 1 a 2 

! + f^ - 1 + 2 f^- (94) 



So, the relation (JSfiJ) can be approximated by the following one 

2 r 2 



~2 

a L{S ) ^9-(+) f (l + ^) , (95) 
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or, taking into account JHSJ), by 

otL — — r + g, and as — r + g. (96) 

Inserting (jHBl) into formulae jjHQ)) and (|8~T1) results in the following expressions 
for\K L ),\K s ), 

\K L ) = ~p L (\K°) + r |i?°>) - g p L \K°) (97) 

and 

\K S ) = p s (\K°) - r |tf°>) - g p s \K°). (98) 
Next, let us note that 

t f \2 = Kk°k" ^ n Ri)K0 + K K o K o(m) dm + K K o K o(m) dm 

rL K°K° tt k0 ^ + ri K o K o ym) ^ h n K o K o \m) ^ 

(because ft^- = R k ok°(™) and ftfj^o = RR°K<>{ m ) — see HQ) )• This 
means that neglecting terms of the type R a p{m) dRa 'f m , one finds 



n K°K° ^ K°K° 
n K 0K° K°K° 



(100) 



which enables one to draw the conclusion that the difference between expres- 
sions l|%7j) and (pffil) is almost negligibly small, i.e, that 

f ~ r, (101) 

to the very good approximation. So, in our analysis expressions (|9*E1) can be 
replaced by the following one 

us(L)-+(-)r + g. (102) 

The conclusion following from this property is that formulae ([9?]) and (f98|) for 

eigenvectors \K L ), \K S ) of Ti can be rewritten using eigenvectors \K L ), \K S ), 
(HBJ), JH of H ww as follows 

\K L ) = j± w \K L )-~gp L \K°) (103) 
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and 



P 



Ps 

WW 



\K s )-gps \K°). 



(104) 



To complete our analysis we should remove \K°) from (IK)Hjl and (I104J) . 
Expressing \K°) by \Ks), (j4*Hjl . and \Kl), (JUJ), and then inserting such ob- 
tained formula for \K°) into (fT03ll and (fl"04l yields 



1^5) 



PS 



P 



WW 



and 



1 + 



2r 



(105) 



PL 



P 



WW 



(106) 



Similarly, starting from relations (I97j) and (|9*%1) one can express and 
l^ ) by means of eigenvectors \K L ), \K S ) for 7Y. Next inserting expressions 
obtained in this way for \K°), \K°) into formulae for \Kg), ([4*3]) . and 
(jUJ), and using property (|101j) one finds that 



\K S ) ^ p 



WW 



- 1 


V 1 2r)' 


■Ps 





and 



\K L ) ~ p 



WW 



^5) + ^f\K L ) 
Pl 2r 



-(l + f)l*L>-^-f|jf.>' 

Pl V 2r/ p s 2r 



(107) 



(108) 



All the above considerations are carried out within the assumption that 
the system containing neutral kaons is CPT invariant. This means that con- 
trary to the one of fundamental results of the LOY theory (see (jHOjl ) the 
scalar product of vectors eigenvectors \K S ) and \K L ) for the Khalfin's im- 
proved effective Hamiltonian Ti. can not be real in the CPT invariant system. 
Indeed from (|105|) and (|106|) it follows that 



(Ks\Kl) 



PSPL 
WW\2 



V 2r 



(P 

~ l ~ 1 2 
K 2r J 2 r 2 J 



^ ((K'slK'i))* = (Kl\Ks), 



2\r\ 2 



(K S \K L ) 



(109) 
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where 3 (z) denotes the imaginary part of the complex number z. (Note 
that according to our assumptions, parameters ps, pi and p ww are the real 
numbers and the product (K S \K L ) is real too — see 

I ~|2 

Ignoring in (|109|) terms of order gives 

(*s\Kl)* (^[(l - ^(A))^^) + 2^(|)], (110) 

to an accuracy sufficient for our analysis. Note that these last two relations 
are in perfect agreement with the result obtained in |16j, where the general 
proof that the scalar product of eigenvectors for the exact effective Hamil- 
tonian corresponding to short and long living superpositions of K° and K° 
mesons can not be real in CPT invariant system is given. 



5 Final remarks 

At the beginning of this Section we should explain why the final formulae for 
matrix elements of the improved effective Hamiltonian 7i derived in Sec. 3 
differ a little from those obtained by Khalfin in his paper [£]. This is because 
in pi some additional assumptions were used to simplify the calculations. A 
detailed analysis of these assumptions and recent experimental data suggest 
that some of them can not be considered as universally valid for neutral 
meson complex. Deriving our formulae, ie. (|62|) . (|63|) (and (|62|) . JHHJ)), for 
Tlap, only the general Khalfin's assumptions having the form (|52|) . (f5l|) have 
been used. The general form of 71 obtained in Sec. 3 and given by formula 
and the formula for 7i derived in [H] are identical. On the other hand 
our formulae (|H2l . for H a /3 seem to be more general and more accurate 
than those obtained in j^]. 

Note that if CP symmetry is conserved then H™ g = H^ 0R0 and rela- 
tions (fTUj) are also valid. Then from (f73|) it follows that (Hk°k — T^-RoR ) = 
in CP invariant system. This means that in such a case a picture of neutral 
meson system obtained within the use of the Khalfin's improved effective 
Hamiltonian, 7i, is the same as that obtained using the LOY effective hamil- 
tonian U ww . 

Let us now focus our attention on the case of violated CP and conserved 
CPT symmetries. The most important conclusion following from the Sec. 2 
- Sec. 4 is that the minimal improvement of the WW approximation leads to 
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such properties of the new effective Hamiltonian for the neutral kaon complex 
which contradict standard predictions of the LOY theory for systems in which 
CP symmetry is violated. Relations (JT2|) . (f73|) . (|78|) are an example of such 
properties. These relations state that the standard result of the LOY theory 
that diagonal matrix elements of the effective Hamiltonian governing the time 
evolution of neutral kaons are equal if the system containing these neutral 
K mesons is CPT invariant, can not be considered as the true property 
for the real systems. Another example is the relation (|109|) . This result 
obtained for the eigenvectors of the Khalfin's improved effective Hamiltonian 
shakes another standard prediction of the LOY theory, i.e., the property 
(IHOjl . that the scalar product of eigenvectors for the effective Hamiltonian 
should be a real number for system preserving CPT symmetry. All these 
corrections to the corresponding LOY results are very small. They are of 
order of the parameter g defined by relations (|88|) and l(T3j) . Nevertheless they 
all have a nonzero value. This means that the LOY theory interpretation of 
experimentally measured parameters for neutral meson complexes may not 
reflect properly all real properties of such complexes. For example, properties 
f72~]) . ffity . (fTBjl mean by flHHJ) and JEHJ) that there must be e t ^ e s when CPT 
symmetry holds and CP is violated (see also (Ej). Of course this conclusion 
contradicts the standard predictions of the LOY theory. 

One more observation is in agreement with last conclusions. Namely 
assuming that picture of the physical system given by parameters calculated 
within the more accurate approximation is more realistic than that followed 
from the less accurate one, from (|107j) . (|108j) we can draw the following 
conclusion: Superpositions of states \K°),\K°) of type \K L ) ,\K S ) , having 
the form ()43j) . ijHJ) . with expansion coefficients r, (|4*6f . calculated within 
the WW approximation can not be considered as the real physical states. 
Relations (JTUTJ) . (fTTIKll show that vectors \K L ), (gB|, and \K S ), flS}, are 
linear combinations of eigenvectors \Ki), \Ks) for the more accurate 7i than 
TC WW , It seems that rather vectors \K L ), \K S ) as the eigenvectors of the 
more accurate effective Hamiltonian should pretend to representing physical 
states of the neutral kaons. 

It seems to be interesting that the relation |7H| confirms the result ob- 
tained in [TJ] within the use of a different formalism than that leading to the 
result (f78|) in Sec. 3. This result and the result discussed in [TJ] suggest that 
tests for neutral meson complexes based on the measurement of the difference 
of the diagonal matrix elements of the effective Hamiltonian for such com- 
plex can not be considered as the CPT invariance tests. From (T7%1) it follows 
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that this difference equals zero in CPT invariant system if (K°\H W \K°) = 
and does not equal zero if (K°\H W \K°) ^ 0. This means that this difference 
can not be equal to zero if the first order IAS 1 ) = 2 transitions K° ^ K° 
take place in the system considered. So the tests mentioned should rather 
be considered as the tests for existence of the interactions causing the first 
order \AS\ = 2 transitions K° ^ K° in the system. 

Note also that the properties l|73|) and (ll()9j) of the Khalfin's effective 
Hamiltonian are in perfect agreement with the analogous rigorous results 
obtained in jT8j and ^H] without the use of any approximations for the exact 
effective Hamiltonian. 

It is also interesting to compare solutions (|2~£1) of the LOY evolution equa- 
tion fHHj) for the subspace Sj\\ with solutions of the evolution equation 
(jHHjl containing Khalfin's improved effective Hamiltonian H. We already have 
a solution (JH2J), of Eq. (|3T>|) . Let us find an analogous solution 

\K°(t))\\ of Eq. From fl2J one finds 

\K°(t)) {l ~ \K°(t)) {l = e- lHt \K%0)) h (t > 0), (111) 
where according to ijFTj) . 

\K°(0))\\ = A \K°) = an \K°) + a 21 \K°), (112) 
and djk, (j, k — 1,2) are matrix elements of A (see ijHTJ) . (jnUJl ). Thus 

e -iHt |ifO(o))n = a n e - ^ + a 21 (113) 

Next using relations (|8H|). (f8T| one can express vectors l-ft' ), |^°) by means 

of eigenvectors l-fif^) and \K S ) for 7Y. The result of the action of e — onto 
\Kl), \ Ks) can be easily found. Having this result one can return to the base 
vectors \K°), \K°) which yields 

|£°(f)>|| = \{ana a + a 21 ) ~ 5 f ^ 

-( flll «L + a 2 i)e-^ s - 3 f ^]|i^> 

- f f L )t 



a s - a L 



an as + a 2 i) aL e 

' " " K°). (114) 



t \ —i(mQ — 7; Fa)t 
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Note that this last expression is not equal to the analogous formula ob- 
tained in The cause of this is described in Sec. 4 after formulae JH2J); 
(plj) . Nevertheless the general conclusions following from (|114|) and from the 
mentioned corresponding Khalfin's formula are similar. Namely from (jl9|) 
and from (jll4|) (as well as from the analogous formula obtained in j^]) it 
follows that 

K^°I^W)nl 2 * |(^°|x°(t))iil 2 , 

\(K Q \K» ww {t))tf ± \{K*\K\t))\\\\ 

Thus within the Khalfin's improved theory of neutral mesons formulae de- 
scribing the strangeness (particle-antiparticle) oscillations lead to some cor- 
rections to the corresponding standard predictions of the LOY theory. This 
effect was called in [6] "a new CP violation effect". So if more accurate tests 
of the mentioned oscillations detect some departures from the predictions 
obtained within the use probabilities |(i ; C |-ft'^ V i / (t))||| 2 and | (K°\K^ vw (t))\\ | 2 
then such an effect should be considered as a very probable confirmation of 
the improved Khalfin's theory of neutral mesons. 

The complementary conclusion to the above one is the observation fol- 
lowing from the results described in Sec. 4: More accurate measurements of 
the difference (Hk°k° — 7~Lk°k°)i that is of the parameters ei, es and 5, JHEJ), 
(see (|89|) and (|T3|0 should also make possible to see the difference between 
the standard predictions of the LOY theory and the theory based on the 
more accurate effective Hamiltonian derived by Khalfin. 

The investigations of the above mentioned "a new CP violation effect" 
and related problems by means of the another and more general method 
than that used in were continued in [TjU [2H1 El]. The expected form of 
the probabilities | <i^°| i^°(t)> „ | 2 and |(i? |K°(t))||| 2 is given in [201121]. 

The last comment. In [22] (see also [12]) a new approach to describ- 
ing time evolution in neutral kaon complex was proposed. This approach is 
based on the exact evolution equation for subspace of states, fin describing 
neutral mesons sometimes called the Krolikowski-Rzeuwski (KR) equation 
for the distinguished component of a state vector (see (2B1EI])- Using KR 
equation the approximate effective Hamiltonian for H\\ neutral meson com- 
plex was derived. The approximation used there has the advantage on the 
WW and LOY approximations that all steps leading to the final formulae for 
the approximate H\\ are well defined. Such obtained H\\ differs from 'H ww 
and its matrix elements have the form closed to that of Ti. In details: The 
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property of Ti of type (fTTH) occurs also for the difference of the diagonal ma- 
trix elements of the H\\. Replacing D in the formula (I7%jl by D ~ I (which 
for some purposes is an sufficient approximation ) the relation (|78|) becomes 
identical with the analogous relation derived in [TJ] for the Hu. The property 
(|109j) of the scalar product of the eigenvectors for H takes place also for the 
eigenvectors of the approximate H\\ obtained within the use of KR equation. 
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